In this paper, we investigate residual-based a posteriori error estimates for the hp finite element approximation of semilinear Neumann boundary elliptic optimal control problems. By using the hp finite element approximation for both the state and the co-state and the hp discontinuous Galerkin finite element approximation for the control, we derive a posteriori error bounds in L 2 -H 1 norms for the Neumann boundary optimal control problems governed by semilinear elliptic equations. We also give L 2 -L 2 a posteriori error estimates for the optimal control problems. Such estimates, which are apparently not available in the literature, can be used to construct reliable adaptive finite element approximations for the semilinear Neumann boundary optimal control problems.
Introduction
In this paper, we study residual-based a posteriori error estimates for the hp finite element approximation of semilinear Neumann boundary optimal control problems. We consider the following semilinear elliptic optimal control problems: where the bounded open set ⊂ R  is a convex polygon with the boundary ∂ , any y ∈ H  ( ), and φ ≥ . Let g and j be strictly convex functions which are continuously differentiable on the space L  (∂ ), and K be a closed convex set in the control space U. We further assume that j(u) → +∞ as u U → ∞ and g (·) is a locally Lipschitz continuous function.
Optimal control problems have attracted substantial interest in recent years due to their applications in aero-hydrodynamics, atmospheric, hydraulic pollution problems, combustion, exploration and extraction of oil and gas resources, and engineering. They must be solved successfully with efficient numerical methods. Among these numerical methods, finite element methods are a successful choice for solving the optimal control problems. There have been extensive studies of the convergence of the finite element approximation for optimal control problems. Let us mention two early papers devoted to linear optimal control problems by Falk [] and Geveci [] . A systematic introduction of the finite element method for optimal control problems can be found in [-], but there are very less published results for optimal control problems by using hp finite element methods. Recently, the adaptive finite element methods have been investigated extensively and became one of the most popular methods in scientific computation. In [] , the authors studied a posteriori error estimates for adaptive finite element discretizations of boundary control problems. A posteriori error estimates and adaptive finite element approximations for parameter estimation problems have been obtained in [, ] . There are three main versions in adaptive finite element approximation, i.e., the p-version, the h-version, and the hp-version. The p-version of finite element methods uses a fixed mesh and improves the approximation of the solution by increasing degrees of piecewise polynomials. The h-version is based on mesh refinement and piecewise polynomials of low and fixed degrees. In the hp-version adaptation, one has the option to split an element (h-refinement) or to increase its approximation order (p-refinement). Generally, a local p-refinement is the more efficient method on regions where the solution is smooth, while a local h-refinement is the strategy suitable on elements where the solution is not smooth. There have been many theoretical studies as regards the hp finite element method in [, ] . An adaptive finite element approximation ensures a higher density of nodes in a certain area of the given domain, where the solution is more difficult to approximate, indicated by a posteriori error estimators. Hence it is an important approach to boost the accuracy and efficiency of finite element discretizations.
Actually, there are many h-versions of adaptive finite element methods for optimal control problems in [-]. But for a high order element such as a hp-version of the finite element method for optimal control problems they are very few. More recently, in [] , for the constrained optimal control problem governed by linear elliptic equations, the authors have derived a posteriori error estimates for the hp finite element solutions. Inspired by the work of [], we consider a posteriori error estimates in L  -H  norms and L  -L  norms
for hp finite element solutions of general semilinear Neumann boundary optimal control problems. To the best of our knowledge for optimal control problems, these a posteriori error estimates for the general semilinear boundary optimal control problems are new.
The paper is organized as follows. In Section , we discuss the hp finite element approximation for the semilinear Neumann boundary optimal control problems. In Section , we derive both L  -H  a posteriori upper error bounds for the error estimates of the control, the state, and the co-state. Then we also obtain sharper a posteriori error estimates for the control approximation and error estimates in the L  norm for the state and co-state on the boundary. Finally, we give a conclusion and some possible future work in Section .
Finite element methods of boundary optimal control
In this section, we study the hp finite element approximation of semilinear convex optimal control problems where the control appears in the Neumann boundary conditions. To consider the hp finite element approximation of the semilinear boundary optimal control problems, we have to give a weak formula for the state equation. Let the state space be
It follows from the assumptions on A that there are constants c and C >  such that
Then the standard weak formula for the state equation reads as follows:
Therefore, the above semilinear Neumann boundary optimal control problems can be restated as follows:
It is well known (see [] ) that the boundary optimal control problems (.)-(.) has a solution (y, u) and that if a pair (y, u) is the solution of (.)-(.), then there is a co-state p ∈ V such that the triplet (y, p, u) satisfies the following optimality conditions:
Now, we consider the hp finite element approximation for the boundary optimal control problem. We consider the triangulation T of the set ⊂ R  which is a collection of elements τ ∈ T (τ is a triangle); associated with each element τ is an affine element map F τ :τ → τ , where the reference element is the reference triangle T = {(x, y) ∈ R  :  < x < ,  < y < min(x,  -x)}. We consider the triangulation T which satisfies the standard conditions defined in [] . We write h τ = diam τ . Assume that the triangulation T is γ -shape regular, i.e.,
This implies (see [] ) that there exists a constant C >  that depends solely on γ such that
and there exists a constant M ∈ N that depends solely on γ such that no more than M elements share a common vertex. We further assume the triangulation T satisfies the relation between the patch and the reference patch. Let T U be a partition of ∂ into disjoint regular -simplices s, so that ∂ = For each element τ ∈ T , we denote E(τ ) the set of edges of τ and by N (τ ) the set of vertices of τ , and choose a polynomial degree p τ ∈ N and collect these numbers in the polynomial degree vector
. N (T ) denotes the set of all vertices of T , E(T ) denotes the set of all edges. Additionally, we introduce the following notation (V ∈ N (T ), e ∈ E(T )):
where χ  denotes the interior of the set χ . We denote by h e (h s ) the length of the edge e (s). Additionally, c or C denotes a general positive constant independent of h τ , p τ , h e , p e , h s , and p s . Next, we define the
where
We assume that the polynomial degree vector p  satisfies
, then for the finite element approximation of
It is well known that the boundary optimal control problem (.)-(.) has a solution (y hp , u hp ) and that if a pair (y hp , u hp ) ∈ V hp × K hp is the solution of (.)-(.), then there is a co-state p hp ∈ V hp such that the triplet (y hp , p hp , u hp ) satisfies the following optimality conditions:
The following lemmas are important in deriving hp a posteriori error estimates of residual type.
Lemma . There exist a constant C >  independent of v, h s , and p s and a mapping π
Proof It follows easily from Proposition A. in [] and the scaling argument.
Lemma . [] Let p  be an arbitrary polynomial degree distribution satisfies (.).
Then there exists a linear operator E  :
, and there exists a constant C >  depending solely on γ such that for every v ∈ H  ( ) and all elements τ ∈ T and all edges
Lemma . Let p  be an arbitrary polynomial degree distribution satisfying (.) and p τ ≥ , ∀τ ∈ T . Then there exists a bounded linear operator E  :
there exists a constant C >  that depends solely on γ such that for every v ∈ H  ( ) and all elements τ ∈ T and all edges e ∈ E(T ),
For ϕ ∈ W h , we shall write
3 Residual-based a posteriori error estimators
In this section, we discuss residual-based a posteriori error estimates for the semilinear Neumann boundary optimal control problems. First of all, we use the L  norm for estimating the control approximation error on the boundary, and the H  norm for the state and co-state approximation error on the domain. For simplicity of presentation, let
Then the optimal control problems of (.) and (.) read
It can be shown that
where p(u hp ) is the solution of the auxiliary equations:
In order to estimate the control u, we introduce the
i.e., let P hp u ∈ U p  (T U ) be the function defined by 
, and p(u hp ) is the solution of the system (.)-(.).
Proof It follows from (.), (.), and (.) that
Setting w hp =  in (.), we have ∂ P hp u = ∂ u ≥ . Thus, we have P hp u ∈ K hp . Let v hp = P hp u ∈ K hp . It follows from (.) and Lemma . that
By using (.) and (.), we have
Then (.) follows from (.).
In 
where η   is defined in Theorem . and 
It follows from (.), (.), (.)-(.), and (.) that c e p
Therefore, noting that g is locally Lipschitz continuous, we have
Similarly, it can be proved that
It follows from (.), (.), and the trace theorem that
and
Combining (.), (.)-(.), and (.)-(.), we derive
Then we have proved (.).
Next, we shall derive sharper a posteriori error estimates for the control approximation and error estimates in the L  norm for the state and co-state on the boundary. We introduce a subset of : 
Proof For the proof of this theorem, we estimate (.) in the following five parts, respectively.
By using the assumption of A, we have 
(  .   )
It follows from (.) and (.) that
Let ϕ p be the solution of the following equation:
Noting that is convex [] , it has been shown that
Let E  be the linear operator defined in Lemma .. It follows from (.), (.), (.)-(.), and Lemma . that
By using Lemma ., we have
Let δ be small enough, it follows from (.) that
. 
Therefore, it follows from (.) and the trace theorem that
Part IV. Furthermore, we estimate y hp -y(u hp ) L  ( ) . Let ϕ y be the solution of the equation a(w, ϕ y ) = (e y , w), ∀w ∈ V .
Then we have ϕ y , ≤ C e y , .
(  .   )
Similarly, we have c e y + y -y hp
Then (.) follows from (.).
Conclusion and future work
In this paper, we use the hp finite element approximation for both the state and the costate variables and the hp discontinuous Galerkin finite element approximation for the control variable. We derive residual-based a posteriori error estimates in L  -H  norms for the semilinear Neumann boundary optimal control problems. Then we also give sharper a posteriori error estimates for the control approximation and error estimates in the L  norm for the state and co-state on the boundary. To the best of our knowledge in the context of optimal control problems, these a posteriori error estimates for the semilinear Neumann boundary optimal control problems are new. In future, we shall consider the hp finite element method for hyperbolic optimal control problems. Furthermore, we shall consider a posteriori error estimates and superconvergence of the hp finite element solutions for hyperbolic optimal control problems.
